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TABLES FOR COMPUTING VARIOUS- CASES OF BEAM COLUMNS* 

By J : . Cass ens • 



For a "better understanding of these tables, the meth- 
ods by which the cases are computed are discussed first. 
The importance of the buckling modulus is pointed out. 



I. EXPLANATION OF THE METHODS 



Aircraft design methods differ from other structural 
engineering methods in. the selection of slender beams. 
Since the former came into being at a time when structural 
engineering had already reached certain standards, it is 
not surprising that the stress analysis in aircraft design 
was largely influenced by the other. But it is surprising 
that Kuller-Breslau , for instance, annexed the column 
tests in his work "Graphical Statics of Building Construc- 
tion" on the stibject of aircraft design. The slender 
spars of braced wings, the slender memhers of steel-tube 
bodies and of the ribs no longer permit the calculation 
of members in rough approximation first for bending and 
then for buckling, but the analysis had to correspond to 
actual loading conditions, that is, combined bending and 
column stress. The importance attached to this subject 
in past years is readily seen from a glance at the old 
Z.F.iil. (Zeitschrift fur Flugtechnik und Kotorluf tschif fahrt) . 
For example, in 1918 and 1919 these problems were treated 
by Gumbel, proll, Trefftz, Muller-Breslau, Reissner, 
Ratzersdorf er , Arnstein, Koenig, etc. But the authors 
really dealt merely with the problem shown in the present 
report below no. 4 with corresponding applications. 

It is true that in its principal beams modern air- 
craft design again tends toward short columns, but even 
so, column-effect problems remain to be solved. 



*"Tafel einiger Knickbiegef alle . " Luf tf ahrtf or schuhg, 
vol. 18, nos. 2 and 3, March 29, 1941, pp. 86-94. 
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Column effect and. its count erpart, "bending tension, 
deals with the case of concurrent longitudinal and trans- 
verse forces acting on a member. Hiitte and various other 
manuals, contain tables which give the transverse forces, 
moments, deflections, and various other data for bending 
forces on the straight member with constant bending stiff- 
ness. These forces are supplemented by the effect of the 
moment py , where P denotes the longitudinal force and 
y the deflection at any one point. The relation between 
curvature radius p and bending forces reads: 

1 djjr Mx 

P . dxa EJ 

where U x is the moment of all bending forces dependent 

upon beam ordinate x, EJ the bending stiffness, and y 
the deflection of the neutral axis. (See fig. 1.) Divid- 
ing moment M x into a portion (M x ) due solely to the 

transverse forces and a portion affected only by P, af- 
fords M x = M x + py , which, posted in the foregoing rela- 
tion, gives 

k 3 y» + y === - i£ ( 1) 

P 

T J 

with k 2 = ~- . (The investigations apply to constant 

bending stiffness EJ and constant longitudinal force 
P.) The simplest way of solving the differential equa- 
tion is as follows: .The homogeneous differential equa- 
tion is expressed as y = C e ax ; the values C are coef- 
ficients to be defined later and must satisfy the boundary 
conditions of the problem, while a establishes the con- 
nection between the formula; and the original equation (l). 
The complete differential equation is solved either by 
power formulas, the coefficients of which are determined 
by comparison, or else by others, for instance, trigono- 
metrical ones, depending upon the character of the right 
side of equation (l). The majority of problems shown in 
the tables were solved by this method. The right side of 
equation (l) shows that the law of superposition holds 
for all loads applied transverse to the neutral axis. 
Each loading condition is to be computed for applied lon- 
gitudinal force p. 
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The law of superposition can he made clever use of 
in the calculation of a "beam with /constant "bending stiff- 
ness and longitudinal force, the beam being transversely 
loaded by several, arbitrarily many, concentrated loads. 
This merely requires expressions for deflections and mo- 
ments of a beam transversely loaded by one concentrated 
load, as found under no. 13.. 

Under a concentrated load ij 0 the moment and the 
deflection to the left of the concentrated load is 

M x = q 0 k SiSJO. sin cp 
u sin a 

' - r (* Jr^ Bin ^ ■ i «) 

and to the right 

M u = 4 0 k -r--^ sin 
u ° sm a 



= ^2. (k *±2lA sin 
P V sin a 



Therefore, if a beam is under transverse load Q, 3 , Q 4 , 
and H 5 in addition to the longitudinal force P (fig. . 
2), the moment at point x 0 ^cp 0 = is: 

k s in cp_ 

M x Q = ~Hn"~oT~ 713 + ^ 4 7)4 + ^ 5 ^ 

and the deflection 
k sin cp Q 

70 = P~*iin~~a, (< *3 sin ^3 + ^4 sin n 4 + Q s sin <n 5 ) 

- ~ <*3 d 3 + <*4 d 4 + q 5 d 5 ) 

As a result of transverse loads Q x and Q, 2 with P 
(fig 2), the moment at point u 0 = I - x 0 (ty 0 = is 
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M »o .= ^-a-- ( ^ sin ;K + ^ si * *»> 

and the deflection ... 

k sin ty n . . - i \ ■ vl q ' 

If . Q 2 . <i 3 # <4 4 . and <i. 5 are applied simultaneously, 
the moment at x 0 = I - u 0 is 

M Xq , u 0 = U Xq + 1% Q 
and the deflection 5 at this point x 0 = I - u 0 is: 

6 =.y 0 + v 0 



This prohlem is naturally much more difficult if longitu- 
dinal forces are applied at the same points as the trans- 
verse forces. In this case the use of an expanded 
Clapeyron equation such as cited "by Muller-Breslau in. his 
"Graphical Statics," vol. 2, 2, p. 643, is recommended. 
Examples for such problems may be found in the Z.F.M. , 
1920, p. 283. . 

A second method for column stress calculation is 
given because the final results appear .in substantially' 
different form. Instead of trigonometric and ' hyperbol ic 
functions, a quotient appears which gives the effect of 
P in the denominator. Bleich, for example, computes' the' 
central moment of a beam loaded, as in case no. 3, accord- 
ing to formula 

_ Sif , 1. 032 \ £ I s + 0-033 

M maX - a [} + p E / p J - g F B 7f - 1 

But no advantage accrues from this method except for sym- 
metric load cases. 
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A third method is "based upon the application of the 
"passive energy" or the principle of virtual speed (Foppl, 
"Drang and Zwang," vol. I, p. 61). At first sight the 
idea seems attractive, since the energy of the longitu- 
dinal forces X the deflection can be discounted in first 
approximation. But the. appl icat ion. of .the method in- 
volves a great number of difficulties. 

According to this principle the deflection of a beam 
follows from the relation 

i s.. = P Hi!!* dx 

ik J E J 



The method is best explained by the example illus- 
trated in figure 3. 

The work performed in the beam is computed after the 
actual load Q. and P is applied on the beam deflected 
under load 1. It affords 

I 

i8 = r i^-t-|-^._Li_sL dx 



o r 



I 0 l 

o o 

The first integral is the same as that obtained from com- 
puting the beam deflection under transverse load <4; let 
us call it 8 0 . The second integral is a function of the 

looked-for deflection 8. 

Herewith the relation can be transformed into 

1 P s ~ x 

6 (i - / - So (2) 



E J 



0 



The expression 
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n _ y. 

• 0 

can "be found by trial; y is expressed in a formula 



y • AL 3c\ 



which satisfies among others the boundary conditions for 
deflection at x = 0 and x = I as well as for the 
tangent at x = I. 

Tor constant P and 3 J it affords 

I 

■E- x sin ^ dx = 4i! = 4 H. Pw = IJLtt! 

ej J * sin \2 Ty ax ej tt 2 4 p E ' F s l2 
0 

The result is a very close approximation; hence 
\ r E/ 1 - 4 -- 



Very small values 6o are accompanied by an appreci- 
able deflection 6 if the denominator expression is like- 
wise very small. If the denominator becomes equal to zero, 
it affords an expression for the stability condition of 
this problem, which is generally known. 

It gives 

P E 1 E J TT 2 

p k " T ~ 4 — 

Tension bending can also be very readily computed by this 
method. With P indicating a tension, equation (2) reads: 
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(2a) 



Whether a column effect case .according, to this method, is 
easy or difficult to compute, depends upon the success with 

y 

the formula for — . The Fourier analysis can be used by 

6 

analyzing the expression for the deflection without the 
effect of P according to Fourier. 

If the central moment of a beam loaded, as in case no. 

method, it affords first for the de- 



5 gl 4 P S /P 
384 S J P S 7P - 1 



8 P E /P - 1 

which is in good agreement with Bleich's result. 



II. MODULUS OP BUCKLIl-IG UHDER COLUMN EFFECT 



Occasionally it happens that comparatively short col- 
umns must be analyzed for column effect where cr = — is 

F 

higher than the break between Tetmayer' s straight line and 
Euler f s hyperbola in the Cy. = f(X) diagram. In such 

cases it has been found practical to replace E modulus 
by the buckling modulus. (See the writer's article 
"Column Testing," Luf tf ahrtf orschung , vol. 17, no. 10, 
1940, pp. 306-313.) To retain the E-modulus in such a 
case would afford much too great a safety relative to the 
column load according to Euler's hyperbola, while from 
pure buckling tests it is known that the member can take 
up only one load according to the Tetmayer straight line. 



3, is computed by this 
fleet ion 



6 ffi = 



and for the moment 



M max = 



8 
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Under comparatively low longitudinal stresses the 

E-modtilus can be used even if certain parts of the section 
due to combined bending and longitudinal stress assume 
values within Tetmayer's range. In such cases the effect 
is the opposite to that of pure crippling of short col- 
umns, that is, the bending factor becomes effective. The 
bending factor takes into consideration the experience 
with bending tests where it was found that the measured 
^B r w as greater than computed according to the expres- 
sion CT-g W, where is the material strength from 
tensile tests. 



Translation by J. 
National Advisory 
for Aeronautics. 



Vani er , 
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graph 

identification 



Deflection 
T<artge,n+ 

2. Derivation 



4 

dx 
dx' 



(P time value ) 
(PS « .1 ) 



(P*» 



) 



Moments 



dx" 

Special Moment* 



Conatant* 
A and B 



K<mt>«r buckles under 




Compresiidn bending 

P-y = P-sina>— Af 0 y 

L 

Pky' = Bcdsq> — M 0 -^- 
P *«•»" = — P-sin?> 



Tension bending 

P-y = R-<Sm<p-\-M a -j 

P*ky'=B-&>\<p+M a j 
Pk*y" = + B-<S>mq> 



Compression b«rndtoq 

Jf. = 2/,-y + *-y 

M x = B ■ sin m = ■ sin w 
sin a r 

Afmax = ^ 2 -( <* «>90°ist) 
sma 1 ' 



At point 



L 71 



Tension bending 
P— Tension 

Jf.--jf.-f-- 



Compnej- 
sion 

g _ Jf. 
sin a 



Jf- = — 5 



Tension 



p=— 



Af 0 



©in a 0* 



a = 180° 



O 
P 
H 

o 
3 
o 
4 



o 



ID 

00 




P-y = sin y — Q-x 
Pky' = B- cosy— Q-A 
pjp y = — 5 sin ?> 



Jf a . = Q.a + P-y 

0 • A 

Jf x = 5 ■ sin <p — — sin a> 

cos a r 

Jf max = Jf K = Q-k-t%ct 



COS a 



a = 90° 



« — » — «F 



P • y = A - cos if + B • sin y — -|- (/ a: — x l ) — g k* 

Pky' = — A&itup + B cosy — (l — ix) 
P**y" = — A cos f — B sin <p-\-gk l 



M x = fy.x-x*) + P-y 
M x — A cos <p + B • sin <p — g k' 

M mtI = gk i ( 1 —l\ at center 

at 

COS tt 



B = + gft l -tg|- 



a = 180° 



7J 



1 y 



P- y = A • cos ?> + B sin y 

_ JL (/ . x _ x i) _ (Jf, — Jf,) j 
Pky' — — A sin <p B cos <p 



!>k* 



-^.(i_2«)-(Jf 1 -Jf 1 )|. 



Jf,= |.(J. a: - ic «) + Af I + (Jf 1 -Jf I )-^ + P. ! , 

Jfj: = A • cos f + B' sin y — g A ! 
a; 1? 

Jfm»x bei tangy=-^ =tangy 0 at point x 0 = ft-9i 0 



4 = +«* , + Jf 1 
g gft'+Jf , tf+Af, . 
sin a tga ' 

or 

B _ Jf , — Jf x cos « 

sin a 



PA'y" = — i4 cos <p— B- sinp-f g*« 



Jfm»x = 



cos ip 0 



-g*« = jW— 1)- 

" s \cosy 0 ■/ 



Jfi 



+ gk*- tg 



2 



COS f>„ 



a 180° 



Jf, 




Ffnd 



P • y = A ■ cos<p-\- B • siny 

— t(|.,_«r) + Jf,(l— |-)- g*» 

P-*-y' = ->lsin?! + 5-cos ? >-^(Z-2a;)-Jf,- * 
P ** j/" = — .4 cos 9> — B • sin ?> + g k* 



Af a = -4 • cos 97 + 5 - sin <p — g /c* 
*\ tga/ 6 \ a-sina 2) 



bei tg = -|- = tang ijj 0 at point 



M, 



A = +gk*-M K 

B^+gkn^+M, 



COS f 0 



C0Sip 0 



a = 257° 30'' 



CO 



Nr. 
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graph 
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Deflection V 
Temgenf 

dx" 



2. Derivation 



(P time valued 
(P-t ) 

(P* ) 



Moments | Af«=— E-J-^X 
I Special Moments 



Con stands 
A and fi 



Member buckles under 



At center 




Find.; Mm 



P ■ y = .4 -.cos ?> + 5 • sin ip - 1 if • x- x*) + Jf - g ft J 

JPJfe / *=. — A sin f> + P cos p— ^- (2 — 2 x) 
P*k*y" = — ,4 cos <p— B- sinp+g *» 



^ = 4008??+ B-sinp — gA' Jlf* = J ** >•■/-£-•— — 



« l+C0Sat\ 
2 sin a J 



sin- 



or 



A=+gk* — Me 



*\sina tga/ 8 \ a- sin a 2/ 



O 

B 
o 



L.J 



lonq. force only in -field 
Find ; Mi and M, 
!/*»=•- v'li »'*='.- U't 
IB Helff l,: Jfj E. Ji-B, 
In field -g. J.-fl, 
In central field; 

' X ( 



P • y = .4 . COS q> -j- B • Sin q> 

-| (i • * - «») + (* i - Mi) J ■ 
P-ky' = — A sin rp + P • cos y 

_^(i_2*) + {tf,-.Sf 1 ).-^ 
■P ** ' »" = -"^ A cos <p — B • sin <p 4- g A* 



Af, = -1 (i . x~x*)—M l -(M t -M 1 ) ±-+P- y 

M m = A • cos <p + P • sin <p — g k* 
from P-kyi and P-ky t ' 

the equations f Of Mi and jlf, read 

*(i-^)+*tfc-i)-.i-(fi.H- ft ^.t- 
^(s^- i )+ M .( i -t^)=^(f^M-^^- i 

,,/_ ■Mi-^i . „^_' ib *-i!l 

Vl - ~TBT' Vi ~ 357 

* [ P -^+ 1 -ti] + ^(i^- 1 )-^S- t «-2 , -l) » 



A = + gk*-M 1 
B = +«*•• tg-| 



i M, — Mi cos « ^ 
sin a O 



00 



1 \sin a 



- I ) + «,[,.,i +1 _^„.,^|-|) 



N D = 0 

D*nomio«tor 
IVp — determinant* 



Slight curved member 




Curvature equation 
for P-<):u-/-«ln»-y- 

Pe - Eulerioed «• E.J 
I 



P.i : X 

P-y ~ p "■ ' '' • sin n -y -f- A cos y -f- ^ ' s ' n V 

■p-. f. n ■ x 

P k • y' — -5 — — • - • cosn-y — A sinrn + B- cos "» 
±JL_i " ' 
P 

Pk t y" = : ^--sinB-j — A cos <f — P-sino) 

X — 4r 



M x =P-u + P-y 



p.f x 
M x = ^--sinwy + -4-cos?»+S-sino3 



^ = 0; P = 0 



1 — 



•^efmax — " 



Pi 



ai cenfer 



1 



a = 180" 



Slight curved member 




Curva+ure equatTon 
fiir P-0: 



u-{-(i-x-*')wHhf_y. 



P-y = Acostp+B-sin<p—P-t{lx-x t )-2P£k t 
Pky' =—A-sia<p + B-cosq>— P-k£(l — 2x) 
Pk*y" = — A-cos? — B-sin<p + 2Pk>-( 



M x = P-a + P-y 
M x = A-cosq>-\- B-sino) — 2PA'-| 
or 

M X = 2P$- k* |cos <p + tg y sin q> — 1| 
Af BUI = 2P|A !l /— 1\ at center 



a 

cos T 



4 = 2Pfft» 

P = 2Pf*»-tg|- 



a = 180° 



Nr. 



Problem 
cjraph 
identification 



Deflection y 
Tarujent -JL 

dx' 



2. tfcrjwtrti'on 



(P time value ) 
(P-k h « ) 

(P*« » ) 



Moments { Af.-— ej 



<P y 



<ix" 

Special Moment 



Con * taut* 

A and B 



Member buckles under 



I 

J? 

O 

! 
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5 light curved memfcer 
as 9 




Curvature equation 
for P = 0; g = 0 



P • y = A ■ cos y -f B ■ sin a> — -|- (/ a — x») 

-P-{.(l;X-X«)-*«(f + 2P-$) 

Pky' = — ^4 • sin p + £ • cos p 

-- ^-(Z-2x)-P£-*(Z-2x) 
P A« y" = - A ■ cos a> — B • sin ?> + *• [g + 2 P • f ) 



Af«'= f (I- x-x>) + P-f (Zx-s») + p. y 
Af« = A • cos fl» -f B • sin ?> — *« (g + 2 P • f ) 
itfm.i =*«(« + 2 i>-f)- l—^-r — 1\ in center 



■4 = + *'(* + 2P.f) 
P = *«(« + 2Pf)tg| 



— -A 

008 T / 



<x = 180° 
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Slight curved member 
a* » 




P • y = .4- cos <f> + P • sin tp — ■— (I x — x*) 

- P. f (J • a: - *•) + Af « (l - y ) - A« (g + 2 P f ) 
P-ky' = — A • sin <f + B • cos q> 



Curvature equation 
for P-Oj e-0 

u«f-<J.*-x>)s«-±£ 

Find : Mm 



-2x)-P»{(l-2*)-A£,y 



Af. = |-^*-* , ) + Pf{i* r ^-Afc(l^ T ) + P.-y 
Af ■ «= 4 • cos a> + P > sin <p — *• («■ + 2 P f ) 
Af '( 1 -tf a -)-^' + 2Pf-i')-(i-tg|-i) 



A = + V[g+2P{)-MB g 
P = *»(j+2P«tg-f | 

o' 



tga ** 



p *» . y" = — ,4 • cos <p — B • tin o. + *• (g + 2 P ■ f ) 



to 

00 
Ol 



a = 257»30' 
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Slight curved member 
as t 




Curvature equation 
far P-0; o-O 

Find : Af* 



P • y = X ■ cos q> + P • sin <p — -|- (Z • a; — x») 

-P-{(*-*-**) + Af i -*»(* + 2P-f) 
P*y' = — /4-sina> + B-cosa> 

-^(l_3x)-P*f(Z-2x) 

P*V = -^-coso> — P.sin»> + *«(f+2Pf) 



M a = ^[lx-^)+P([lx-a?)-ME+P-y 

JU m = A-cos<p-\-B-sia<p — *«(g+2P{) a+ center- : 

Af jr =*«te+2Pf) 

Af* = *«(« + 2Pf)-/l J or X 



A = + k*(g+2P-i)-M* 
B = [k'(g+2Pi) — Mj i ] 

Xtg|- 



\sina 



a = 360° 
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r 



__t 4_«*. 



x u v 4 d 



■t+v 



*•* f p 



P-y = i4 1 -cosa>+P 1 -sino>-Qj-x-Afi|l-|j-Af,| 

P * y' = - A, • sin?+ P, • coso>-<? *■ k+ Af, *- M t j 
Pk'y" =—A l cos<p—B 1 -sinq> 

P-v =^,-cosv+P,-siny-Q j-u-Afy-Af,|l-"j 

P*o'=-/l,-sin v +P,.cosv-Q|-*-Af 1 *+Jlf,| 
Pk*v" = -At • cos y — Pj ■ sin y> 



Af, = <?y-» + Af 1 (l-y)+Af, T + P.y;. 

H • = Q J u + M , i + Af , (l - y ) + P • „ 



Af« = A x • cos ga + P, • sin y; 
with Q the moment- is I 



M l) = Q-k 



sin J ■ sin r\ 



-Af, 



Af u ■= A t ■ cos v + B t • sin y 

sint ? , M sinf 
sin a * 1 sin * 



sin a 

For Q in cenfsr and Afj = Af, = Af 0 , we a«t 

Af v = QA-|-tg| + Af 8 ^- 

C0S -rr 



A t — Mi, A% — Af, 

Bl =Q-k^L 
x sin a 



tga 

B t =Q.k*H 
* v sm a 



Afi , Af, 

h; 



sma 



A^ Af, 

sin a tga 



a = 180° 



Nr. 
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Problem 
graph 
identification 




x u . 6 , d 



Find" : Af, 



PV 
P 



Deflection . .V 
Torment ix 

2. Derivation -jjt 



(P time value) 

(P-k n ) 



(Pf 



P-y =A 1 -cos<p-lrB l -sin<p-Qyx~{-M 1 (l— 

P fc y' = — A t ■ sin? + P, • cos <p —*Q j- • k— Af, j 
p k* y" = — A\ ■ cos <p — Bi - sin <p 



P-v = ^,-cos-v + 5,-sinv— Q j- u + Af,-y- 

PAu' = — i4,'sinv+ Ji-Cosy— 0 j -A+Afry 
P A" u" = — A t • cos v> — Pi -Sin v 



Moments { Mx = — E ■ J 



Special Moments 



Af* = (>ys-Af,(l-j) + P-y; M u = Qj-u-M 1 j+P- 
M W = A 1 - cosy + Pi-siny; Af „ = A t ■ cos y -f Pi ■ «•» 

«.('-T^)-«-'(fe-f) 



sin v 



Constants 
A and B 



Mtjnber bucklo uo4«r 



,4, = -Af,; ^, = 0 



P, = 0-* 



sm,a 
sinf 



tga 



sin a 



sin a 



a = 267«30 f 



16 



16 




y- and U- COOK as und«r 13. 

b»rt Af, and Af, o* opposite s!=ns. 



rind: Af t nd M % 



M x — QjX — M 1 (l — jj — M % *-\-P-y 

Af„ = <? } • u - Af, j - Af, (l- 7) + P • » 
Af x = ^i-cos9!+P 1 -sia?) Af,,;=/Vcosy+B,-sinv> 

sinCsinn sing 

*«=<?•* ci „„ M *sr~ 



A 1 = — M 1 \ An = -M t tzj 
P^Q-A^ ? 



sin a 



Af. 



sinf 
' sin a 




Find : Af, -nd Af,; 
P only -tor field W« 

S/'i = /<*-<»; »»•— "'to-rt 
In fi'el4 i,:/. 

In « J,:/, 
Inc*n4ral field 



P/ 



i 



y- and D- same as under 13. 

b«t Af! and Af, o-f opposite S\qns, 



Mm= Q.*. x _ Ml (l-j)-Mt*+P'W 

M u = Qj-u-M 1 j~M t (l-±j) + Pv 

Af x = Ai • cos o> + Pi • sin p 

Af « = .4, • cos y + P, • sin y 

*.( I -^)+ M -(iE- 1 )-«-'fe-T)-'' i "'»"» 

■ Vl ~Z<EJ, ' " ~3PV, 



sma 
Af, 



to 

_ GO 
sin a W 



Af, 



P, = CA 



tga 
sinf 
sin a 

Af, 1 Af, 



sin a 



tga 



a = 380" 



-Af,; ^, = -Af, 
sing 
sin a 
Af, 



= <?•* 



P, = QA 



tga 
sinf 
sin a 
Af, 



Af, 

sin a 



Af, 



tga 



__ DanomtnaTOr 



10 



Problem 

qi-oph 
'idanHfi'cdtJon 



TanqeM 
2. Derivo+ion 



ay 
dx 
d>y 



(P timu value) 
P-h .. .. ) 

Pk< •• «• ) 



Moments { Mx —— E-J-^^. 

I Sptcial Moment* 



Comtantt 
A and B 



W«mb<r buckle* unHfr 



Momenta for P «■ 0 



P 
3/, 



P 



°1 . 



,it. 

A" 



P-a t 1 \P-0| 1 P-a,/ at a, 
E*4-«nd«.«l Ci«|»cj|fon tquaiion from Miiller- 
Brc^lou; Graphitche 5+atik U 8<j,,Z, 
Ab+tilunj I*J5, p 6*3 



"sinai-gin*! * * nrnti "V ' ^1 ™ 

_ J/l ^ +M ,!j!»^!±.^/ a , = _ Mn + M H (l + ±) 
'smai 1 'unafiinaj, . \ «•/ 

Solution of equd + 'i on* ; 

sin .ysto (». + «,) , . sin^sins, 
V1 sin («! + «, + «,) sin (*i+<xt+<*») 



/ = !- 



sin ix 



M t = Q t .k 

t 



sin gfi/singj 



-<?••* 



gin(«i + ai)»m«i 



ft ' " sin K + a, + *,) t v « • " " sin («, + 
by aoolocjy (wifhou* column tfftct) 



0 
o 

I 



to 

00 



p i- p *'T , «-r'*1 



^ — Jr— 

1 T' * T'^ 7 
a. ( 
8 <" T"""T 



WHhout column efffcf 

Mn - ^ (ax+a t H(? > .^-Q,[ gt ' 8 ' + a ' + 8,) 
■ gj(g|+«i-(-gi) _ Qs(gi-f-«i + a» + « «) 1 



Afw , <?1 .£Li?i±-°«L +(? , C + «sH«.+«») 



Analogous wWh column 
■# - . sin ay sin (a, + 

* sin («, + «. + «, + *«) 

, . sin otf sin(»,4 - a 4 ) sing, -sin «, 
S15T5 +<? * *^in^ 

, rt ,. sin<«i+'H)-.»iP(««4-««) i ^ . fin (oi+<h)' tint* 

+<?••* iiiir +<? * * sin* 

„ n . sin opsins. 



+<?.•* 



sin a 
sin (ixt + ailsin^ , 
sin a 



-<?.■* 



sin (« t + «« + *i) sin-«4 
sto» 



- (ai +0.) • a 4 
<?• j 




1) P?»-4cos9> + B-sin9> — 3»i— p-A 1 
i>. j/' = — ABin^p-^ Bcoa<p~ Q„-k 
?*•«" = — A cos -r- fl sin f + p • ft 4 

2} P-B-CcdsV + jDsinv— SR a 
p . J . »' =— C gin v» + i) cos v Q u ; 
P • ** ■ v" =• t+ C cos V* — sin y 



ii+P-f 



jtf, = sm»+p-» m. 

In »1« 

,, 1 — cos{ . 
M x = A- cos y + B- sin ?>— p JW U = f • sin y 



ft_ n » cos »;^- coS « 
C = 0 

1— cost 



D-pk'- 



sina 



Problem • 
graph 
ident-ifieolioo 



Deflection 
Tulgents 



A 

dx 



(P time value!}. 



2, Derivation 



Moments 



[ Mat 

J. 5p«<:iai Moments 



■ Constants 
A and J3 



Member bucklei under 




i> • y =■= 4 • cos a> + B • sin <p — Q • x + B • x •' y/ 
B • * • y' = — A Sin ?> + B cos <p — Q ■ k + P ■ * Vi' 
P ..jt . y' ; = .— A cos 9> — B sin ? 

n 



AT, 



Intermediate value I in range (I) — ® 
ft be treated as under Nr. .1. 



Q-k-tgt+P-ayS 



cosf 

1- 



B = M„-tgf- 



cosf 




c »•■«.. J. • & 




Left side: range >&< Ri'aHt side; rono,* xfc 

p.yo-Bj-siiini— ^--a; P-i> = B,'Siny>— -j- -u 

M 3d 
Pky'—Bicqs^ — j- • * P • k v' = B, cos y — j- • * 

P*»y" L ^_ 5, sin y PA» • v" = B, sin y 



Ranqe »&< 
Af,= B^sin <p 



Range »j« 
Mj = B % - sin y 



cos ? - sinf 
1 sin a 



The momertt a+ B i»; 

cos f • sin n 

itZ« = ; : 

* sin a 



B, = M^ 
1 sin a 



B, = Jlf 



cosf 
sin a 



a = 180° 
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Figure 1.- Beam on two supports under longitudinal load 
P and transverse forces g. 



Qg ^4 % 

I — s»| 
k- 1 ->| 



Figure 2.- Beam on two supports under load P and 
concentrated loads - Q5. 




Problem 

Actual load case (i) 
Comparative load case (k) 



Pigure 3.- Built-in beam under load P and Q, 
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